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A scheme for generating the maximally entangled mixed state of two atoms on-resonance 
asymmetrically coupled to a single mode optical cavity field is presented. The part frontier 
of both maximally entangled mixed states and maximal Bell violating mixed states can be 
approximately reached by the evolving reduced density matrix of two atoms if the ratio of 
coupling strengths of two atoms is appropriately controlled. It is also shown that exchange 
symmetry of global maximal concurrence is broken if and only if coupling strength ratio lies 
between and \f?> for the case of one-particle excitation and asymmetric coupling, while 
this partial symmetry-breaking can not be verified by detecting maximal Bell violation. 
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Quantum entanglement plays a crucial role in quan- 
tum information processes 0. In the last three years, 
much attention has been paid to the characterization 
and preparation of the maximally entangled mixed state 
HHJllHH- Maximally entangled mixed states (MEMS) 
are those states that, for a given mixedness, achieve the 
greatest possible entanglement. For two-qubit systems 
and for various combinations of entanglement and mixed- 
ness measures, the form of the corresponding MEMS has 
been analyzed At present, most of the experimental 
verifications of the MEMS are based on polarized pho- 
tons. The cavity QED systems have been recognized as 
an important candidate for implementing various kinds 
of quantum information processes, and the precise con- 
trol of the coupling of individual atoms to a high-finesse 
optical cavity have been demonstrated experimentally 
0, 0- Current laboratory technologies have demon- 
strated the feasibility of generating maximally entangled 
state of two two-level atoms 0, E| . For generating the 
MEMS, the theoretical schemes based on the cavity QED 
or collective interaction with environment have been pro- 
posed 0,0, El- For entangling atoms, on-resonance 
asymmetric coupling of individual atoms and cavity field 
has exhibited certain advantage over the large-detuning 
symmetric coupling because resonant cavity QED offers 
faster entanglement schemes 0, 0] . This motivates us 
to propose a feasible scheme for preparing the MEMS 
of two two-level atoms on-resonance asymmetrically cou- 
pling to single mode high-finesse optical cavity. It is 
found that the part frontier of both MEMS and maximal 
Bell violating mixed states (MBVMS) can be approxi- 
mately reached by the evolving reduced density matrix of 
two atoms if the ratio of coupling strengths of two atoms 
is appropriately controlled. It is also shown that ex- 
change symmetry of global maximal concurrence is bro- 



ken if and only if coupling strength ratio lies between ^ 
and V3 for the case of one-particle excitation and asym- 
metric coupling. However, the global maximum of max- 
imal Bell violation keep invariant under the exchange of 
two atoms, which implies this partial symmetry-breaking 
can not be verified by detecting maximal Bell violation. 
In the case of two-particle excitation, the maximally en- 
tangled state of two atom can also be generated when 
the coupling strength ratio is near 0.18. As the ratio of 
coupling strengths tends to 1, the critical-phenomenon- 
like behaviors of the global maximal entanglement or Bell 
violation can be found. 

The system discussed here consists of two two-level 
atoms confined in a linear trap which has been surround- 
ing by an optical cavity [l^ . We refer to atom 1 and 
atom 2. The Hamiltonian describing the system is given 
by (h = 1) 

+\ 1 9 1 (t){a^ W + acT^) + A 2 f? 2 (i)(aV 2) + aa%) 

where a and denote the annihilation and creation 
operators for the single mode cavity field, and cri — 
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|e)«<e| - \g)u(g\, <?+ = \e)M = \d)u(e\ (»= 1,2) 
are the atomic operators. u>x and 0J2 are the atomic tran- 
sition frequencies of atom 1 and atom 2, respectively. 
Ai and A2 are the coupling strengths between the cavity 
field and atom 1, atom 2, respectively. 6i(t) (i — 1,2) 
represent the time dependence of the atom-cavity cou- 
pling. Plenio et al. have discussed the generation of max- 
imally entangled states in such a system 17], in which 
the cavity decay is continuously monitored. Here we in- 
vestigate two two-level atoms resonantly coupling with 
one mode optical cavity, i.e. lj\ — 0J2 — tu a — oj and 
x (t) = 9 2 (t) = 9(t). 

We assume that the initial state of the system (1) is 
described by the density matrix p(0) — |0)(0| ® \eg)(eg\, 
i.e., atom 1 is in the excited state, atom 2 is in the 
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ground state and the cavity field is in vacuum state, re- 
spectively. Substituting p(0) into the Schrodinger equa- 
tion, and tracing out the degree of freedom of the cavity 
field, we could obtain the reduced density matrix p a (t) 
describing the time evolution of two atoms, 

Pa(t) = ^(l-cos2G(t))\gg){gg\ 



A? 



2A 2 
A 2 
A 
A]_A 2 



(l + cos2e(t))|B 2 )<S 2 | 



'-£\Bi){Bi\ 



cose(t)(|Bi)(B 2 | + |B 2 )(Bi|), (2) 



where, 1^) = {( \.\ge) - X 2 \eg)), \B 2 ) = {(\i\eg) + 

X 2 \ge)), and A = yj X\ + A 2 and <d(t) = X f* 6»(r)rfr. 

In order to quantify the degree of entanglement, we 
adopt the concurrence to calculate the entanglement be- 
tween two atoms. The concurrence related to the density 
operator p of a mixed state is defined by 



C(p) = max{c$i - <5 2 - S 3 - S 4 , 0}, 



(3) 



where the Si (i = 1,2,3,4) are the square roots of the 
eigenvalues in decreasing order of magnitude of the " spin- 
flipped" density operator R 



R = p{<7y ® (Jy)p*((Jy (g) Gy ) , 



(4) 



where the asterisk indicates complex conjugation. 

The explicit expression of the concurrence C(t) char- 
acterizing the entanglement of two atoms can be found 
to be 



C{t) 
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cos 26 (t) I, 



(5) 



where gives the absolute value of x. 

Here, we confine our consideration in the MEMS in 
linear entropy-concurrence plane. For the reduced den- 
sity matrix p a in Eq.(2), the linear entropy is defined 
by M = I (1 — Ti'Pa) which can be used to quantify the 
mixedness of two atoms. In Fig. I, The concurrence ver- 
sus mixedness of two atoms are depicted for different val- 
ues of the coupling strength ratio. In each trajectory la- 
belled by different values of 0(f), the data changes with 
72/71 • In this case, part of the frontier of the concurrence 
versus linear entropy can be reached by the evolving re- 
duced density matrix of two atoms. It means that the 
MEMS can be generated in the cavity QED system (1) if 
the ratio of coupling strengths of two atoms is appropri- 
ately controlled. Not only pure entangled states possess- 
ing any desired degree of entanglement can be determin- 
istically generated, but also the mixed states possessing 
any possible degree of entanglement can be controlled 
prepared if the desired linear entropy does not exceed a 
threshold value near 0.65. 
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FIG. 1: The concurrence versus mixedness of two atoms de- 
scribed by the density matrix in Eq.(2) are depicted. Different 
trajectories are chosen from the ^ £ [0, 40] for different val- 
ues of B(t) G {0.1, 0.2, 0.3, 3.0}. 1 The solid circle and solid 
square represent the Werner state and the MEMS (the fron- 
tier of the concurrence versus linear entropy) respectively. We 
can see that part of the frontier of the concurrence versus lin- 
ear entropy can be reached by the evolving reduced density 
matrix of two atoms. 



Next we discuss the Bell violation of two atoms in this 
system. The most commonly discussed Bell inequality is 
the CHSH inequality [Ullj. The CHSH operator reads 



B = a ■ a <g> (b + b') ■ a + a' ■ a ® (b - b') 



(G) 



where a, a', 6, 6' are unit vectors. In the above notation, 
the Bell inequality reads 



< 2. 



(7) 



The maximal amount of Bell violation of a state p is given 
by M 



\B\ 



2%AT 



(8) 



where k and k are the two largest eigenvalues of T p T p - 
The matrix T p is determined completely by the correla- 
tion functions being a 3 x 3 matrix whose elements are 
(T p ) nm = Tr(p<r„ (g) cr m ). Here, a x = a xi a 2 = a yi and 
03 = a z denote the usual Pauli matrices. We call the 
quantity |S| maa; the maximal violation measure, which 
indicates the Bell violation when \B\ max > 2 and the 
maximal violation when |/B| ma;r = 2^/2. For the density 
operator p a in Eq.(2), k + k can be written as follows 



n + k = C 2 + max[C 2 , (I 



A 2 (f - cos 20(f)), 
X? ' 



(9) 



In Ref.Q, the analytical form of the mixed states which 
possesses the maximal value of \B\ max of two qubits for a 
given linear entropy has been derived. Now we show that 
part of the frontier of the maximal Bell violation versus 
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FIG. 2: The maximal Bell violation |B| maa; versus the mixed- 
ness of two atoms is displayed. Different trajectories are 
chosen from the t 2 - E [0, 40] for different values of Q(t) € 
[0.1,3.0]. The solid square data points represent the frontier 
of maximal Bell violation versus the linear entropy, namely, 
for a given linear entropy, the maximal value of \B\ max of two 
atoms can not exceed the solid square data points. 




FIG. 3: (a) The maximal value of the concurrence of two 
atoms during the whole evolution is plotted as the function of 
the rate of A 2 /Ai. At A 2 /Ai = V2- 1 or A 2 /Ai = y/2 + 1, two 
atoms can achieve the maximally entangled state. It reflects 
the certain kind of partial structural symmetry of the initial 
state. However, we can also observer that the local minimum 
of the global maximal concurrence is achieved at A2/A1 = 

V \/32 — 5 but not at A2/A1 = 1, which is different with the 
case of global maximum of |-B| ma:E . (b) The maximal value of 
|B|maa; of two atoms during the whole evolution is plotted as 
the function of the rate of A2/A1. 



the linear entropy can be approximately approached by 
two atoms. In Fig. 2, the Bell violation and linear entropy 
of the atom 1 and 2 are depicted. It can be observed that 
reduced density matrix of two atoms can evolve into the 
vicinity of the frontier of |/S| maa; versus M if appropri- 
ate ratio of coupling strengths and the time t are cho- 
sen. Though the gap between the MBVMS and the pos- 
sible nearest reduced density matrix becomes large when 
the linear entropy exceeds beyond 0.5, the MBVMS with 
small mixedness can be approximately generated with 
very high fid elity . 

In ref.[22L |23| . it has been shown that entanglement 



and Bell violation of two qubits may be inconsistent with 
each other in certain kinds of dynamical processes. Here, 
through investigating the global maximal values of con- 
currence and Bell violation of two atoms initially in \eg), 
we obtain more information about their dynamical dis- 
crepancy. From the Eq.(5), one can easily derive the 
maximal value of the concurrence of two atoms possibly 
achieved during the whole evolution as follows: 



Cm = max C(t) 
te[o,oo) 



4|x-X 3 | 



(1+X 2 ) 2 ^ 



(10) 



when 0(f) = 7T if < x < \/V32 - 5 or X > \/3. Other- 
wise, 



C M - g > 



(11) 



when 0(i) = arccos( — 



, , if VV32- 5 < X < V3. In 
the above two equation, X = \- I n deriving the above 
or following maximal value, 0(f) is assumed to be large 
enough as t — > 00. The maximum of the concurrence 
of two atoms initially in \eg) completely depends on the 
rate of x- Two atoms can become the maximally entan- 
gled if x = V2 + 1 or x = V2 — 1 0] . When two atoms 
symmetrically couples to the cavity mode, the maximum 
of the concurrence is ^. In addition, in the cases with 

1 < x < or ^ < x < 1) the maximum of the concur- 
rence can not keep invariant under the transformation of 
X «-> — , which implies that, in those asymmetrically reso- 
nant coupled systems with 1 < A2/A1 < V3, two kinds of 
initial states \eg) (g> |0) and \ge) ® |0) result in the differ- 
ent maximum of the concurrence, namely, the exchange 
symmetry is destroyed in this situation. However, for 
other cases with X > \/3 or x < , the maximum of the 
concurrence can keep invariant under the transformation 
°f X h 01 the exchange of \eg) <-> \ge). In Fig. 3(a), 
we plot the maximum of the concurrence as the function 
of the rate A2/A1. It is shown that the maximum of the 
concurrence Cm of two atoms firstly increases from zero 

to 1 with the increase of 4 s - from zero to y/2 — 1, then 
^1 

decreases from 1 to VV32-5 w ^ ^ c mcrease Q f ^1 from 

z Ai 



\pi — 1 to VV32 — 5. Furthermore, Cm increases to 1 
when increases from VV32 — 5 to 1 + \/2, and then 
Cm decreases with the further increase of ^. Further 



Ox 2 



is discontinuous at X = 



J M 

calculation shows 

Then, we turn to investigate the global maximal value 
of Bell violation |B| maa; of two atoms during the whole 
evolution. From the Eqs.(8,9), we can easily derive the 
analytical expression for the maximal value of Bell vio- 
lation of two atoms, 



(4x - 4x 3 ) 2 



\B\^ X = max \B\ max = 2 x \\^ , 
,max te[o,oo)' y (1 + x) 



(12) 



which is achieved by two atoms at the time 0(t) = tt- 
Surprisingly, the expression in Eq.(12) keeps invariant 
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FIG. 4: (a) The maximal value of the concurrence of two 
atoms during the whole evolution is plotted as the function of 
the rate of A2/A1. At A2/A1 ~ 0.18, two atoms initially in \ ee) 
can achieve the maximally entangled state, which also implies 
single-photon state of cavity field can be simultaneously gen- 
erated with the maximally entangled state of two atoms, (b) 
The maximal value of \B\ max of two atoms initially in |ee) 
during the whole evolution is plotted as the function of the 
rate of A2/A1. 

under the transformation of \ «-> ~ for the whole range of 
the parameter \. In Fig. 3(b), the global maximum of Bell 
violation is plotted as the function of the rate A2/A1. It 

is shown that |£>| max exhibits the similar behavior to the 
Cm in most of the parameter \ except for Vv32— 5 < 
X < 1, in which range Cm increases but |23|ma2; decreases. 

The above analysis mainly focuses on the specific ini- 
tial states, i.e. the \eg) ® |0) or \ge)® |0). In what follows, 
we further consider the case that two atoms are initially 
in the excited state |ee) and the cavity field is still in the 
vacuum state |0). In Fig. 4(a), the maximal value of pair- 
wise concurrence of two atoms during the whole evolution 
is plotted as the function of the coupling coefficients rate 
A2/A1. It is shown that the maximal value of pairwise 
concurrence firstly increases with A2/A1 and achieves 1 
at A2/A1 ~ 0.18, then decreases with A2/A1. An abrupt 
decline from 0.5 to can be observed as A2/A1 — > 1. 
In Fig. 4(b), the global maximal value of \B\ max of two 
atoms during the whole evolution is plotted as the func- 
tion of the coupling coefficients ratio A2/A1. |B|mSs ex- 
hibits similar dependence on A2/A1 with the entangle- 



ment among all range of A2/A1 in two-particle excitation 
case. A interesting point is that we can simultaneously 
obtain pure single-photon state in cavity field and a max- 
imally entangled state of two atoms in the situation of 
A2/A1 ~ 0.18. Both the single-photon state of the cavity 
field and the maximally entangled state of two atoms are 
the valuable resource in quantum information processes. 
Therefore, it is hopeful that this scheme may have very 
significant applications. One may conjecture that the in- 
fluence of spontaneous emission and cavity decay on the 
generation of maximally entangled state in two-particle 
excitation case is more significant than the one-particle 
excitation case. For fixing this potential weakness, the 
timing single-photon detection may be a good choice for 
purifying the entangled state of two atoms. The details 
will be discussed elsewhere. 

In summary, the generation of the maximally entan- 
gled mixed state of two atoms which are asymmetrically 
coupled to a single mode optical cavity field is analyzed. 
It is shown that two atoms can achieve the maximally en- 
tangled mixed state or the maximal Bell violating mixed 
states with high fidelity in the on-resonance asymmet- 
ric coupling case. It is found that, for those cases with 
4= < < \/3 and Ai 7^ A 2 , exchange symmetry of 
global maximal concurrence is broken when the initial 
state of two atoms interchanges between \eg) and \ge). 
However, the global maximum of maximal Bell violation 
keep invariant under the exchange of two atoms. In the 
case of two-particle excitation, the maximally entangled 
state of two atom can also be generated when the cou- 
pling strength ratio is near 0.18. As the ratio of cou- 
pling strengths tends to 1, the critical-phenomenon- like 
behaviors of the global maximal entanglement or Bell vi- 
olation can be found. Though these results presented 
here can be directly generalized to other systems such 
as two dipolar-coupled quantum dots in photonic crys- 
tal microcavity, three-qubit Heisenberg spin chain, and 
trapped ions coupled to motional degree of freedom etc, 
full considerations of the effects of corresponding deco- 
herence mechanics on the preparation of MEMS or the 
partial exchange-symmetry-breaking of global maximal 
entanglement are nontrivial and very desirable. 

The author thanks Prof. X.-B. Zou and Prof. J.-B. 
Xu for helpful discussion. 
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